Abstract. A left Bol loop is a loop satisfying x(y(xz)) = (x(yx))z. The commutant of a loop is the set of elements which commute with all elements of the loop. In a finite Bol loop of odd order or of order 2k, k odd, the commutant is a subloop. We investigate conditions under which the commutant of a Bol loop is not a subloop. In a finite Bol loop of order relatively prime to 3, the commutant generates an abelian group of order dividing the order of the loop. This generalizes a well-known result for Moufang loops. After describing all extensions of a loop K such that K is in the left and middle nuclei of the resulting loop, we show how to construct classes of Bol loops with non-subloop commutant. In particular, we obtain all Bol loops of order 16 with non-subloop commutant.
Introduction
A loop (Q, ·) is a set Q with a binary operation · such that there is a neutral element 1 ∈ Q satisfying 1 · x = x · 1 = x for all x ∈ Q, and such that for each a, b ∈ Q the equations a · x = b and y · a = b have unique solutions x, y ∈ Q. We write xy instead of x · y, and reserve · to have lower priority than juxtaposition among factors to be multiplied-for instance, x · yz stands for x(yz).
The commutant (also known as the centrum, Moufang center or semicenter ) of a loop Q is the set C(Q) = {c ∈ Q | cx = xc for every x ∈ Q}.
In a group, or even a Moufang loop, the commutant is a subloop, but this does not need to be the case in general. When Q is a loop and C(Q) is not a subloop of Q, we say that Q has a non-subloop commutant.
Given an element a of a loop Q, we denote by L a the left translation of Q by a, i.e., bL a = ab. Similarly, R a is the right translation bR a = ba. The commutant is obviously characterized as C(Q) = {c ∈ Q | L c = R c }. The permutation group L a , R a | a ∈ Q is known as the multiplication group of Q, and will be denoted by Mlt(Q). We also use the notations R : Q → Mlt(Q); a → R a and L : Q → Mlt(Q); a → L a .
A loop is left Bol if it satisfies
x(y · xz) = (x · yx)z (Bol) for all x, y, z, or equivalently, if L x L y L x = L x·yx for all x, y. Right Bol loops are defined by the mirror of (Bol). We will consider only left Bol loops in this paper, and henceforth refer to them simply as Bol loops. Note that much of the literature on Bol loops (e.g., [14] ) considers right Bol loops, and hence results need to be translated appropriately.
The main purposes of this paper are to introduce general constructions of Bol loops with non-subloop commutants, and to shed light on the structure of the commutant of a Bol loop, of the subloop generated by the commutant, and of the subgroup L c | c ∈ C(Q) of Mlt(Q).
The commutant of a finite Bol loop of odd order is a subloop [7] . In Theorem 2.8, we show that the commutant of a finite Bol loop of order 2k, k odd, is a subloop. Thus finite Bol loops with non-subloop commutant have order divisible by 4 (Corollary 2.9). When the commutant of a Bol loop is a subloop, it is a commutative Moufang loop. In case Q is a Bol loop with a non-subloop commutant, it is natural to consider the structure of the subloop C(Q) . In Corollary 3.6, we show that if Q is finite of order relatively prime to 3, then C(Q) is an abelian group of order dividing |Q|. This generalizes a well-known result about commutants of Moufang loops. We then turn to constructions. In §4, we describe all extensions Q of a group K such that K is contained in the left and middle nuclei of the resulting loop. In the next two sections, we specialize this to construct examples of Bol loops with non-subloop commutants. In §5, we consider the special case of a semidirect product (split extension), and in §6, we consider the special case where the action of Q/K on K is trivial. When we restrict to low orders, the two constructions give 20 of the 21 known Bol loops of order less than or equal to 16 with non-subloop commutant. We finish with another construction which yields the remaining such loop.
We conclude this introduction with a review of some basic facts regarding loops in general and Bol loops in particular. The standard references [1, 13] provide adequate general background in loop theory, while the latter reference, [5, Chap. VI] , and [14] give specific details regarding Bol loops.
For a loop Q, the following subgroups (associative subloops) are of interest:
• the left nucleus
The center is a normal subloop. In a Bol loop Q, the left and middle nuclei coincide, N λ (Q) = N µ (Q), and we shall just refer to this as the left nucleus. The left nucleus of a Bol loop is a normal subloop, but does not necessarily coincide with the right nucleus, nor is the right nucleus necessarily normal. In addition, Z(Q) = C(Q) ∩ N λ (Q). Indeed, for c ∈ C(Q) ∩ N λ (Q) and x, y ∈ Q, xy · c = c · xy = cx · y = xc · y = x · cy = x · yc. Thus c ∈ N ρ (Q) and so c ∈ Z(Q). Let Q be a Bol loop. Then Q is power-associative, that is, for each x ∈ Q, the subloop x generated by x is a subgroup. In particular, there exists x −1 ∈ Q such that xx −1 = x −1 x = 1. In addition, Q is left power alternative, that is,
An element a ∈ Q is said to be right power alternative if R m a = R a m for every integer m. Not every element of a nonMoufang Bol loop Q is right power alternative.
For a Bol loop Q, a subset S is a subloop if and only if it is closed under both multiplication and inversion. Indeed, if a, b ∈ S, then the unique solutions of the equations ax = b and ya = b are x = a −1 b ∈ S and y = a −1 (ab · a −1 ) ∈ S, respectively. Lemma 1.1. Let Q be a finite loop, and let S ⊆ Q be a subloop.
Proof. Fix x, y ∈ Q, and suppose xS ∩yS = ∅. Then there exist s 1 , s 2 ∈ S such that xs 1 = ys 2 , and so x = yR s 2 R −1 s 1 = yR s 3 = ys 3 where s 3 s 1 = s 2 . Thus for all s ∈ S, xs = yR s 3 R s = y · s 3 s ∈ yS, and so xS ⊆ yS. The other inclusion follows similarly, and so xS = yS. Therefore {xS | x ∈ Q} is a partition of Q. This establishes (i), and the proof of (ii) is similar, using left cosets instead of right cosets.
Proof. Parts (i) and (ii) follow from the respective parts of Lemma 1.1. The remaining assertion is well-known [13, 14] , and follows from (LPA).
It is not known if the order of an arbitrary subloop of a finite Bol loop divides the order of Q.
Structure of the Commutant
Throughout this section, let Q denote a Bol loop with commutant C(Q).
Proof. For (i) and (iii), see Lemmas 2.2 and 2.1 of [7] . Part (ii) follows from (i) and (LPA). Let us prove (iv):
ℓ+n using (LPA), (Bol), (i), (LPA) twice, (ii), and (LPA) once more.
Part (i) of the lemma immediately implies the following.
Corollary 2.2. C(Q) is a subloop if and only if it is closed under multiplication.
We introduce here some useful notation. For an integer n > 1, let C n (Q) := {c ∈ C(Q) | c has finite order relatively prime to n}.
Proof. Part (i) is immediate from Lemma 2.1(i), part (ii) follows from Lemma 2.1(iv), and (iii) follows from (ii) and Lemma 2.1(iii). Finally, (iv) follows from (ii) and
The following is a mild generalization of the main result of [7] . Proof. For x, y ∈ Q, we compute
iff the left hand sides of (2.1) and (2.2) are equal, while c ∈ N ρ (Q) iff the right hand sides are equal. The result follows.
Proof. In this case, the lemma gives In Proposition 5.8, we will show that for each integer n > 2, there exists a Bol loop of order 4n with non-subloop commutant.
Commutant elements of order prime to 3
We now proceed to show that in a Bol loop, commutant elements of order relatively prime to 3 generate an abelian group. This generalizes the well-known result that in a Moufang loop, commutant elements of order relatively prime to 3 lie in the center. There are nonassociative commutative Moufang loops, the smallest being of order 81, and so the assumptions on the orders of elements or of loops are necessary.
We adopt the following convention: for elements a 1 , a 2 , . . . , a n of a loop Q, a 1 a 2 · · · a n will denote the left-associated product (· · · (a 1 a 2 ) · · · )a n . 
Proof. Since R a R b = R b R a for all a, b ∈ A, we may freely rearrange products of right translations from A. For n > 0, let a 1 , . . . , a n ∈ A. We will verify
by induction on n. By hypothesis, (3.1) holds for 1 ≤ n ≤ 2. Suppose n > 2 and that (3.1) holds for n − 1. Then
= a n−1 · xR a 1 · · · R a n−2 R a n−1 a n = a n−1 · xR a 1 ···a n−2 a n−1 a n = (a n−1 · x[a n−1 · (a 1 · · · a n−2 )]) a n = [(a n−1 · xa n−1 ) · (a 1 · · · a n−2 )]a n = (a n−1 · xa n−1 )(a 1 · · · a n−2 a n ) = a n−1 · x[a n−1 · (a 1 · · · a n−2 a n )] = a n−1 · x(a 1 · · · a n−2 a n−1 a n ).
Here we are using, in succession, R a n−1 R an = R a n−1 an , (Bol), the induction hypothesis, a n−1 ∈ C(Q), (Bol) again, the induction hypothesis again, (Bol) once more, a n−1 ∈ C(Q) again, and R an R a n−1 = R a n−1 R an . Cancelling a n−1 , we obtain (3.1) for n.
Since a 1 a 2 · · · a n = 1R a 1 R a 2 · · · R an , and since R a i R a j = R a j R a i for all i, j, it follows that the expression a 1 a 2 · · · a n is invariant under all reassociations and rearrangements. Thus A is an abelian group, and the homomorphism assertion follows from (3.1).
The remaining claim follows from Lemma 1.1(i).
Lemma 3.2. Let Q be a Bol loop, and suppose
Proof. We compute
using (Bol) in the last step. Cancelling a, we have the desired result.
Lemma 3.3. Let Q be a Bol loop, and let a, b, c ∈ C(Q). Then:
Replacing x with a −1 x and using a 3 , b ∈ C(Q), we have the first equality of (i). The second equality follows from Lemma 3.2.
Next, we compute a · x 2 a = a
, using (i) in the third equality. Cancelling a on the left and multiplying by x on the left, we have 
, and so Theorem 3.1 applies with A = C 3n (Q).
is an abelian group, and
Corollary 3.6. Let Q be a finite Bol loop of order relatively prime to 3. Then C(Q) is an abelian group, R| C(Q) : C(Q) → Mlt(Q) is a homomorphism, and
Note that one cannot replace right translations with left translations in Corollary 3.5, for otherwise C(Q) would necessarily be a subloop.
Recall that any two elements of a Moufang loop generate a group, i.e., Moufang loops are diassociative. It is well known that nonMoufang Bol loops are not diassociative. However, after seeing the calculations in the proof of Lemma 3.3, the reader might wonder if in a Bol loop, two elements generate a group if one of the two elements is in the commutant. The answer is "no":
Example 3.7. Let Q be the Bol loop 1 2 3 4 5 6 7 8 1 1 2 3 4 5 6 7 8 2 2 1 4 3 6 5 8 7 3 3 4 1 2 7 8 5 6 4 4 3 2 1 8 7 6 5 5 5 6 7 8 1 2 3 4 6 6 5 8 7 2 1 4 3 7 7 8 5 6 4 3 2 1 8 8 7 6 5 3 4 1 2 Then
, and 4, 5 = Q.
We do not know the answer to the following.
Problem 3.8. Does there exist a finite Bol loop of order relatively prime to 3 such that the commutant is not contained in the right nucleus?

Left Nuclear Extensions of Bol Loops
Let (Q, ·), (K, ·), (E, * ) be loops. Then Q is an extension of K by E if K is a normal subloop of Q and Q/K = E. We can then identify E with a subset of Q-in fact, with a transversal of Q/K-and assume without loss of generality that 1 E = 1 Q = 1. Given a, b ∈ E, there is then a unique f (a, b) ∈ K such that ab = f (a, b)(a * b). The map f : E × E → K thus obtained satisfies f (a, 1) = f (1, a) = 1. We will call a map with the property f (a, 1) = f (1, a) = 1 a cocycle. Theorem 4.1. Let (K, ·), (E, * ) be loops, and Q an extension of K by E such that
Conversely, given a group (K, ·), a loop (E, * ), a cocycle f : E × E → K, and a map τ : E → Aut(K) with τ 1 = 1, the loop Q = K × E with multiplication (4.1) is an extension of K by E, and
Proof. K is obviously a group since it is a subloop of two nuclei. Let f : K ×K → E be the cocycle described above. For a ∈ E, let τ a : K → K by defined by τ a (u)a = au for every u ∈ K. Since τ a is the restriction of the inner mapping L a R −1 a of Q to K, and since K is normal in Q, τ a is a bijection of K.
We claim that τ a is a homomorphism. We have τ a (uv) = τ a (u)τ a (v) if and
Thus τ a is a homomorphism, and τ : a → τ a is a map E → Aut(K). We see right away that τ 1 = 1.
Every element of Q can be expressed uniquely as ua, where u ∈ K and a ∈ E (since E is a transversal of Q/K). For u, v ∈ K, a, b ∈ E, we have:
For the converse, it is easy to see that Q = K × E with multiplication (4.1) is a loop, K Q, and Q/K = E. We have
Since the left and middle nuclei coincide in Bol loops, we have the following. Denote the extension of K by E constructed as in (4.1) by Q = Q(K, E, τ, f ). We are now going to give conditions on f and τ that make Q into a Bol loop. 
for every w ∈ K and a, b, c ∈ E. (ii) (w, c) ∈ Q belongs to N ρ (Q) if and only if c ∈ N ρ (E) and
for all a, b ∈ E.
(iii) Q is a group if and only if E is a group and
for every w ∈ K and a, b, c ∈ E. (iv) (u, a) ∈ Q belongs to C(Q) if and only if a ∈ C(E) and
Proof. For (i): By straightforward calculation with x = (u, a), y = (v, b), z = (w, c) substituted into the Bol identity (x · yx)z = x(y · xz), we obtain that Q is a Bol loop if and only if
for all w ∈ K and a, b, c ∈ E. Taking w = 1 gives (4.2), while taking c = 1 gives (4.3). Conversely, it is easy to see that if both (4.2) and (4.3) hold, then (4.9) holds. For (ii), we merely substitute x = (u, a), y = (v, b), and z = (w, c) into the associative law x · yz = xy · z. For (iii), then, it follows that Q is a group if and only if E is a group and (4.4) holds for all a, b, c ∈ E, w ∈ K. That (4.4), universally quantified, is equivalent to (4.5) and (4.6) is proven similarly as in (i).
For part (iv), we plug x = (u, a), y = (v, b) into the commutative law xy = yx to get that (u, a) ∈ C(Q) if and only if a ∈ C(E) and
for all v ∈ K, b ∈ E. Taking b = 1 and rearranging gives (4.7), while taking v = 1 and rearranging gives (4.8). Conversely, it is easy to see that if both (4.7) and (4.8) hold, then (4.10) holds.
In the next two sections, we will consider two special cases. The extension
In such a case, we denote the resulting loop by Q(K, E, τ ). Semidirect products of Bol loops were considered in [4] .
When A, B are loops, a map ϕ : 
. (iii) Q is a group if and only if E is a group and τ is a homomorphism. (iv) (u, a) ∈ Q belongs to C(Q) if and only if
Proof. Parts (i), (ii), (iii), and (iv) follow immediately from specializing the corresponding parts of Theorem 4.3. For (v), if (w, c) ∈ C(Q), then by (iv), we trivially have τ ab (w) = τ a τ b (w) for all a, b ∈ E. If C(E) ⊆ N ρ (E), then c ∈ N ρ (E), and so (w, c) ∈ N ρ (Q) by (ii). Conversely, if C(Q) ⊆ N ρ (Q), then for c ∈ C(E), (1, c) ∈ N ρ (Q), and so c ∈ N ρ (E) by (ii).
For f ∈ Aut(K), let Fix(f ) = {u ∈ K | f (u) = u}. For a map τ : E → Aut(K), let Ker(τ ) = {e ∈ E | τ e = 1} and Fix(τ ) = {u ∈ K | u ∈ Fix(τ e ) for every e ∈ E}. The other special case of Theorem 4.3 we consider is where the "action" τ : E → Aut(K) is trivial. Denote by ι the map ι : E → Aut(K); a → 1.
Corollary 4.6. Let K be a group, E a Bol loop, f : E × E → K a cocycle, and set Q = Q(K, E, ι, f ). Then:
for every a, b, c ∈ E. (ii) (w, c) ∈ Q belongs to N ρ (Q) if and only if c ∈ N ρ (E) and is a group if and only if E is a group, f (a, b) ∈ Z(K), and
for every a, b, c ∈ E. (iv) (u, a) ∈ Q belongs to C(Q) if and only if a ∈ C(E), u ∈ Z(K), and f (a,
Proof. These claims follow immediately from specializing the corresponding parts of Theorem 4.3.
Constructions based on semidirect products
Moorhouse classified all nonassociative right Bol loops of order 16, viz [12] . It turns out that among these 2049 loops precisely 21 have a non-subloop commutant: 1 of order 12, and 20 of order 16. Among the 20 loops of order 16, 19 loops have commutant of order 6, and 1 loop has commutant of order 4.
We show in this subsection that precisely 3 of the 21 loops can be obtained by a semidirect construction. All 21 loops will be constructed in the next section.
Proposition 5.1. Let K be a group, E an elementary abelian 2-group, τ : E → Aut(K) a map such that τ 1 = 1, |τ e | = 2 for every e, and τ E is a commutative subgroup of Aut(K). Assume further that there are a, b ∈ E such that τ a = τ b = 1 = τ ab . Then:
(i) τ is a semihomomorphism but not a homomorphism,
Proof. We have τ a·ba = τ b since E is an elementary abelian 2-group. On the other hand, τ a · τ b τ a = τ b since τ E is commutative and τ a is an involution. The condition τ a = τ b = 1 = τ ab guarantees that τ is not a homomorphism. This proves (i). Then (ii) follows by Corollary 4.4. Given a, b ∈ E such that τ a = τ b = 1 = τ ab , note that (1, a), (1, b) belong to C(Q) but (1, ab) does not, and so (iii) holds. Finally, (iv) follows from Corollary 4.4(v) since E is a group.
Example 5.2. Let E = e 1 , e 2 be the elementary abelian 2-group of order 4, and K the cyclic group of order 3, Aut(K) = {1, ϕ}. Define τ : E → Aut(K) by
is a nonassociative Bol loop of order 12 with non-subloop commutant of order 3.
Example 5.3. Let E = e 1 , e 2 be the elementary abelian 2-group of order 4, and K the cyclic group of order 4, Aut(K) = {1, ψ}. Define τ : E → Aut(K) by τ 1 = τ e 1 = τ e 2 = 1, τ e 1 e 2 = ψ. Then |Ker(τ )| = 3, |Fix(τ )| = |Fix(ψ)| = 2. Hence Q = Q(K, E, τ ) is a nonassociative Bol loop of order 16 with non-subloop commutant of order 6. It is easy to check that Q contains 9 involutions.
Example 5.4. Assume that both E = e 1 , e 2 and K = k 1 , k 2 are elementary abelian 2-groups of order 4. Define τ : E → Aut(K) by τ 1 = τ e 1 = τ e 2 = 1, Proof. Let E = {1, e}, and assume that τ is a semihomomorphism. Then τ e = τ eee = τ e τ e τ e implies τ ee = 1 = τ e τ e , and hence τ is a homomorphism. If |K| = 2 then Aut(K) = {1} and τ is a homomorphism. If K is cyclic, we have f = 2 iff there is e ∈ E such that τ e is the unique involution of Aut(Z 4 ). If K is elementary abelian, we have Aut(K) ∼ = S 3 , and hence f = 2 if and only if all non-identity automorphism τ e are equal to the same involution of Aut(K).
Assume |C(Q)| = 4. Then k = f = 2. If E = e 1 , e 2 is elementary abelian, we can assume that τ 1 = τ e 1 = 1 and 1 = τ e 2 = τ e 1 e 2 is an involution. But then τ is a homomorphism, a contradiction. If E = e is cyclic, then we can assume that either τ 1 = τ e = 1 and 1 = τ e 2 = τ e 3 is an involution, which results in 1 = τ e 3 τ e 2 τ e 3 = τ e 3 e 2 e 3 = τ 1 = 1; or we can assume that τ 1 = τ e 2 = 1 and 1 = τ e = τ e 3 is an involution, which means that τ is a homomorphism. Now assume that |C(Q)| = 6. Then k = 3, f = 2. If E = e 1 , e 2 is elementary abelian, we can assume that 1 = τ e 1 = τ e 2 and 1 = τ e 1 e 2 is an involution. Since there is a unique involution in Aut(Z 4 ) and since Aut(Aut(K)) ∼ = S 3 acts transitively on the involutions of Aut(K) ∼ = S 3 when K is elementary abelian, this case yields the loops obtained in Examples 5.3 and 5.4. Finally assume that E = e is cyclic. Then we can assume that either τ e = τ e 2 = 1 and 1 = τ e 3 is an involution, which yields 1 = τ e 3 = τ eee = τ e τ e τ e = 1; or we can assume that τ e = τ e 3 = 1 = τ e 2 , which yields 1 = τ e 2 = τ e τ e 2 τ e = τ ee 2 e = 1, a contradiction.
Note that if the commutant C(Q) of a Bol loop Q has order 2, say, C(Q) = {1, a}, then C(Q) is a subloop. By contrast, we have the following. Proof. Pick n such that 2 n > k. Let E be the elementary abelian 2-group of order 2 n , and let K be the cyclic group of order 3, thus Aut(K) = {1, ϕ}. For some Proof. Let E = e 1 , e 2 be the elementary abelian group of order 4, and let K be the cyclic group of order n. Then ψ : k → k −1 is a non-identity involutory automorphism of K. Set τ 1 = τ e 1 = τ e 2 = 1, τ e 1 e 2 = ψ. By Proposition 5.1, Q = Q(K, E, τ ) is a nonassociative Bol loop of order 4n with non-subloop commutant.
Constructions based on extensions
In this section, we will use additive notation for abelian groups. As an immediate consequence of Corollary 4.6 we get: Lemma 6.1. Let K be an abelian group, E be a group, f : E × E → K a cocycle, and Q = Q(K, E, ι, f ). Then:
Lemma 6.2. Let E and K be elementary abelian 2-groups, f : E × E → K a cocycle, and Q = Q(K, E, ι, f ). Then:
(i) Q is a Bol loop if and only if
for all a, b, c ∈ E.
Proof. We freely use that E and K are of exponent 2. In additive notation, the cocycle identity (4.11) is
Taking b = a, we get (6.1), and applying (6.1) to (6.3), we get (6.2). Conversely, it is easy to see that (6.1) and (6.2) imply (6.3). This establishes (i).
Assume that a, b, c are as in (ii). Then (0, a), (0, b) belong to C(Q) by Lemma 6.1. By the same Lemma, (0, a)(0, b) = (f (a, b) , a + b) does not belong to C(Q).
In case E is an abelian group, we say that the cocycle f :
Lemma 6.3. Let E and K be elementary abelian 2-groups, f : E × E → K a right additive cocycle, and Q = Q(K, E, ι, f ). Then Q is a Bol loop, and
Proof. That Q is a Bol loop follows immediately from Lemma 6.2(ii) and right additivity. Again using right additivity, Lemma 6.1(i) reduces to (w, c) ∈ N ρ (Q) if and only if f (a + b, c) = f (a, c) + f (b, c) for all a, b ∈ E, and this establishes (i). Finally, if (w, c) ∈ C(Q), then by Lemma 6.1(ii) and right additivity, f (a + b, c) = f (c, a+b) = f (c, a)+f (c, b) = f (a, c)+f (b, c) for all a, b ∈ E, and so (w, c) ∈ N ρ (Q) by (i).
When K = {0, 1} ∼ = Z 2 and E is an elementary abelian 2-group, then E is a vector space over K and a cocycle f : E ×E → K is a form satisfying f (0, a) = f (a, 0) = 0. As usual, we say that g :
Lemma 6.4. Let E be a vector space over K = {0, 1} with basis B = {e 1 , . . . , e n }. Let c : E × B → K be a map satisfying c(0, e i ) = 0 for every 1 ≤ i ≤ n. Then there is a unique right additive cocycle f : E × E → K such that f (e, e i ) = c(e, e i ) for every e ∈ E, e i ∈ B.
Proof. The map f (a, ) : E → K, a → f (a, e) is a homomorphism for every a if and only if f is right additive.
In the situation of the previous Lemma, we say that f is associated with c. Proposition 6.5. Let E be a vector space over K = {0, 1} with basis B = {e 1 , . . . , e n }. Let c : E × B → K be a map satisfying c(0, e i ) = 0, c(e 1 , e i ) = c(e i , e 1 ), c(e 2 , e i ) = c(e i , e 2 ) for every 1 ≤ i ≤ n, and c(e 1 + e 2 , e 3 ) = c(e 1 , e 3 ) + c(e 2 , e 3 ). Assume furthermore that c is such that the right additive cocycle f c = f : E×E → K associated with c satisfies f (e 1 , e) = f (e, e 1 ), f (e 2 , e) = f (e, e 2 ) for every e ∈ E. Then Q = Q(K, E, ι, f ) is a Bol loop with non-subloop commutant.
Moreover, if g : E × E → K is a right additive cocycle satisfying the assumptions of Lemma 6.2(ii), then g is equivalent to f c with some choice of c as above.
Proof. The conditions c(e 1 + e 2 , e 3 ) = c(e 1 , e 3 ) + c(e 2 , e 3 ), f (e, e 1 ) = f (e 1 , e), and f (e, e 2 ) = f (e 2 , e) guarantee that f (e 1 + e 2 , e 3 ) = f (e 1 , e 3 ) + f (e 2 , e 3 ) = f (e 3 , e 1 ) + f (e 3 , e 2 ) = f (e 3 , e 1 + e 2 ). Hence f satisfies the assumptions of Lemma 6.2(ii), and Q = Q(K, E, ι, f ) is a Bol loop with non-subloop commutant.
Let g : E ×E → K be a right additive cocycle with a, b, c ∈ E such that g(a, g(a + b, c) = g(c, a + b) ). Hence a, b, c are linearly independent, and there is an automorphism of E that maps (a, b, c) to (e 1 , e 2 , e 3 ).
Corollary 6.6. Let E, K, B, n, c and f be as in Proposition 6.5. Then we are free to choose (2 n − 4)(n − 2) + 3n − 4 of the values of c.
Proof. We can choose c(e 1 , e i ) for every 1 ≤ i ≤ n. Then c(e, e 1 ) is determined for every e ∈ E by the condition f (e, e 1 ) = f (e 1 , e). We can then choose c(e 2 , e i ) for every 2 ≤ i ≤ n, hence determining c(e, e 2 ) for every e by the condition f (e, e 2 ) = f (e 2 , e). Since c(e 1 + e 2 , e 3 ) = c(e 1 , e 3 ) + c(e 2 , e 3 ), the value c(e 1 + e 2 , e 3 ) is determined. But we can choose c(e 1 + e 2 , e i ) for every 4 ≤ i ≤ n. Finally for e not in the subspace e 1 , e 2 , we are free to choose c(e, e i ) for every 3 ≤ i ≤ n.
Example 6.7. Let E = e 1 , e 2 , e 3 be a 3-dimensional vector space over K = {0, 1}. According to Corollary 6.6, we are free to choose (2 3 − 1)(3 − 2) + 3 · 3 − 4 = 9 values of c : E × {e 1 , e 2 , e 3 } → K in order to uniquely determine the associated right additive cocycle f : E × E → K such that Q = Q(K, E, ι, f ) is a Bol loop with non-subloop commutant.
These nine choices are as follows: The resulting loop of order 16 will be denoted by Q (c 1 , c 2 , c 3 , c 4 , c 5 , c 6 , c 7 , c 8 , c 9 ) . Q into subsquares corresponding to the cosets of K, labeled the cosets of K, and also labeled the elements in one of the cosets.)
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